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MODULI SPACES OF REPRESENTATIONS OF SPECIAL BISERIAL ALGEBRAS
ANDREW T. CARROLL, CALIN CHINDRIS, RYAN KINSER, AND JERZY WEYMAN
ABSTRACT. We show that the irreducible components of any moduli space of semistable
representations of a special biserial algebra are always isomorphic to products of projec-
tive spaces of various dimensions. This is done by showing that irreducible components of
varieties of representations of special biserial algebras are isomorphic to irreducible com-
ponents of products of varieties of circular complexes, and therefore normal, allowing us
to apply recent results of the second and third authors on moduli spaces.
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1. INTRODUCTION
Throughout, K denotes an algebraically closed field of characteristic zero. Unless oth-
erwise specified, all quivers are assumed to be finite and connected, and all algebras are
assumed to be bound quiver algebras.
In this paper, we study representations of algebras within the general framework of
Geometric Invariant Theory (GIT). This interaction between representations of algebras
and GIT leads to the construction of moduli spaces of representations as solutions to
the classification problem of semistable representations, up to S-equivalence. We point
out that these moduli spaces can be arbitrarily complicated; indeed, arbitrary projective
varieties can arise as moduli spaces of representations of algebras [Hil96, HZ98].
Our goal in this paper is to understand these moduli spaces for special biserial algebras.
The results we obtain here are, in fact, part of a program aimed at finding geometric char-
acterizations of the representation type of bound quiver algebras. This line of research has
attracted a lot of attention, see for example [BC09, BCHZ15, Bob08, BS99, Bob14, Bob15,
CW13, Chi09, Chi11, CKW15, CC15a, CK16, Dom11, GS03, Rie04, RZ04, RZ08, SW00].
Special biserial algebras play a prominent role in the representation theory of alge-
bras and related areas. Their indecomposable representations can be nicely described,
however the number of 1-parameter families needed to parametrize the n-dimensional
2010Mathematics Subject Classification. 16G20, 14D20.
Key words and phrases. gentle algebras, moduli spaces, representations, regular irreducible components,
special biserial algebras, varieties of circular complexes.
C.C. was supported by NSA grant H98230-15-1-0022 and J.W. by NSF grant DMS-1400740.
1
indecomposables can grow faster than any polynomial in n. Algebraists have been in-
terested in biserial and special biserial algebras for at least 50 years [Tac61, GP68, Ful79,
SW83, WW85, BR87, Ble98, EHIS04, Her10]. Special biserial algebras also naturally ap-
pear when studying tame blocks of group algebras of finite groups [Jan69, Rin75, DF78,
Erd90, Rog98]. Furthermore, gentle algebras and Brauer graph algebras, which are partic-
ular cases of special biserial algebras, have recently played an important role in the study
of Jacobian and cluster algebras, see for example [LF09, ABCJP10, GLFS16, MS14].
Our main result is the following theorem which describes the irreducible components
of moduli spaces for special biserial algebras.
Theorem 1. Let A be a special biserial algebra. Then any irreducible component of a moduli space
M(A,d)ssθ is isomorphic to a product of projective spaces.
The isomorphism of the theorem results from a general decomposition theorem for
moduli spaces proved in [CK17]. The key geometric condition needed to apply this
theorem is that certain representation varieties are normal. In this paper, we show in
Proposition 10 that this condition holds in all cases relevant to special biserial algebras by
reducing the consideration to varieties of circular complexes (see Sections 3 and 4).
Acknowledgements. This project began during a visit of the first three authors to the
University of Connecticut. The authors would like to acknowledge the generous support
of the Stuart and Joan Sidney Professorship of Mathematics endowment for making the
visit possible. We also thank Amelie Schreiber for participating in discussions about the
project, Corrado de Concini for inspiring conversations, and the referees for comments
improving the paper and simplifying some arguments.
2. REPRESENTATION VARIETIES AND MODULI SPACES
2.1. Representation varieties. SinceK is algebraically closed, any finite-dimensional uni-
tal, associativeK-algebra A can be viewed as a bound quiver algebra, up to Morita equiv-
alence; that is there exists a finite quiver Q, uniquely determined by A, and an admissible
ideal I of KQ such that A ≃ KQ/I . Throughout, we will adopt the language of repre-
sentations of bound quivers. In particular, by abuse of terminology, we refer to a repre-
sentation of Q satisfying the relations in I as a representation of A. Whenever we work
with a set of generators R for I , we will always assume each generator is a linear com-
bination of paths with the same source and target vertex. If R generates an admissible
ideal in KQ, we call the pair (Q,R) a bound quiver. We assume throughout that Q has
has finitely many vertices and finitely many arrows, and hence the algebra KQ/〈R〉 is
finite-dimensional.
We write Q0 for the set of vertices of Q, and Q1 for its set of arrows. For a dimension
vector d ∈ ZQ0≥0, the affine representation variety rep(A,d) parametrizes the d-dimensional
representations of (Q,R) along with a fixed basis. Writing ta and ha for the tail and head
of an arrow a ∈ Q1, we have:
rep(A,d) := {M ∈
∏
a∈Q1
Matd(ha)×d(ta)(K) | M(r) = 0, for all r ∈ R}.
Under the action of the change of base group GL(d) :=
∏
x∈Q0
GL(d(x), K), the orbits in
rep(A,d) are in one-to-one correspondence with the isomorphism classes of d-dimensional
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representations of (Q,R). For more background on representation varieties, see [Bon98,
Zwa11].
In general, rep(A,d) does not have to be irreducible. Let C be an irreducible compo-
nent of rep(A,d). We say that C is indecomposable if C has a non-empty open subset of
indecomposable representations. We say that C is a Schur component if C contains a Schur
representation, in which case C has a non-empty open subset of Schur representations; in
particular, any Schur component is indecomposable.
For dimension vectors di ∈ Z
Q0
≥0, 1 ≤ i ≤ l, and GL(di)-invariant constructible sub-
sets Ci ⊆ rep(A,di), 1 ≤ i ≤ l, we denote by C1 ⊕ . . . ⊕ Cl the constructible subset of
rep(A,
∑l
i=1 di) defined by
C1 ⊕ . . .⊕ Cl = {M ∈ rep(A,
l∑
i=1
di) |M ≃
l⊕
i=1
Mi withMi ∈ Ci, ∀1 ≤ i ≤ l}.
As shown by de la Pen˜a in [dlP91] and Crawley-Boevey and Schro¨er in [CBS02, Theorem
1.1] any irreducible component C ⊆ rep(A,d) satisfies a Krull-Schmidt type decomposi-
tion
C = C1 ⊕ . . .⊕ Cl
for some indecomposable irreducible components Ci ⊆ rep(A,di) with
∑
di = d. More-
over, C1, . . . , Cl are uniquely determined by this property.
2.2. Semi-Invariants. Let A = KQ/I be an algebra and d ∈ ZQ0≥0 a dimension vector of
A. We are interested in the action of SL(d) :=
∏
x∈Q0
SL(d(x), K) on the representation
variety rep(A,d). The resulting ring of semi-invariants SI(A,d) := K[rep(A,d)]SL(d) has a
weight space decomposition over the group X⋆(GL(d)) of rational characters of GL(d):
SI(A,d) =
⊕
χ∈X⋆(GL(d))
SI(A,d)χ.
For each character χ ∈ X⋆(GL(d)),
SI(A,d)χ = {f ∈ K[rep(A,d)] | g · f = χ(g)f for all g ∈ GL(d)}
is called the space of semi-invariants on rep(A,d) of weight χ.
For a GL(d)-invariant closed subvariety C ⊆ rep(A,d), we similarly define the ring
of semi-invariants SI(C) := K[C]SL(d), and the space SI(C)χ of semi-invariants of weight
χ ∈ X⋆(GL(d)).
Note that any θ ∈ ZQ0 defines a rational character χθ : GL(d)→ K
∗ by
(1) χθ((g(x))x∈Q0) =
∏
x∈Q0
det g(x)θ(x).
In this way, we get a natural epimorphism ZQ0 → X⋆(GL(d)); we refer to the rational
characters ofGL(d) as integral weights ofQ (orA). In case d is a sincere dimension vector,
this epimorphism is an isomorphism which allows us to identify ZQ0 with X⋆(GL(d)).
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2.3. Moduli spaces of representations. Let (Q,R) be a bound quiver, and θ ∈ ZQ0 an
integral weight of Q. Following King [Kin94], a representation M of (Q,R) is said to
be θ-semistable if θ(dimM) = 0 and θ(dimM ′) ≤ 0 for all subrepresentations M ′ ≤ M .
We say that M is θ-stable if M is non-zero, θ(dimM) = 0, and θ(dimM ′) < 0 for all
subrepresentations 0 6= M ′ < M . Finally, we callM a θ-polystable representation ifM is a
direct sum of θ-stable representations.
Now, let d be a dimension vector of (Q,R) and consider the (possibly empty) open
subsets
rep(A,d)ssθ = {M ∈ rep(A,d) |M is θ-semistable}
and
rep(A,d)sθ = {M ∈ rep(A,d) | M is θ-stable}
of d-dimensional θ-(semi)stable representations of (Q,R). Using methods from Geomet-
ric Invariant Theory, King shows in [Kin94] that the projective variety
M(A,d)ssθ := Proj
(⊕
n≥0
SI(A,d)nθ
)
is a GIT-quotient of rep(A,d)ssθ by the action of PGL(d) where PGL(d) = GL(d)/T1 and
T1 = {(λ Idd(x))x∈Q0 | λ ∈ k
∗} ≤ GL(d). Moreover, there is a (possibly empty) open subset
M(A,d)sθ of M(A,d)
ss
θ which is a geometric quotient of rep(A,d)
s
θ by PGL(d). We say
that d is a θ-(semi)stable dimension vector of A if rep(A,d)
(s)s
θ 6= ∅.
For a givenGL(d)-invariant closed subvarietyC of rep(A,d), we similarly defineCssθ , C
s
θ ,
M(C)ssθ , andM(C)
s
θ. We say that C is a θ-(semi)stable subvariety if C
(s)s 6= ∅.
From now on, let us assume that the character χθ ∈ X
⋆(GL(d)) induced by θ is not
trivial, i.e. the restriction of θ to the support of d is not zero, and denote by Gθ the kernel
of χθ. Let C be a θ-semistable GL(d)-invariant, irreducible, closed subvariety of rep(A,d).
Then we claim that
K[C]Gθ =
⊕
n≥0
SI(C)nθ.
To justify this claim, consider first the action of the 1-dimensional torus GL(d)/Gθ on
K[C]Gθ . Every character of this torus is induced from a character of GL(d) of the form
χnθ, n ∈ Z since we work in characteristic 0. (This can fail to be true in characteristic p > 0
since det is a well-defined character of GL(d,K)/ ker(detp) = GL(d,K)/ ker(det).) This
yields the weight space decomposition
⊕
n∈Z SI(C)nθ. It remains to show that SI(C)nθ =
{0} for all integers n < 0. For this we will use that Cssθ 6= ∅ and that χθ is not the trivial
character. So, assume for a contradiction that there exists an integer n < 0 such that
SI(C)nθ 6= {0}. Then, we get a representation M ∈ C that is semistable with respect to
both −θ and θ. In particular, this gives θ(dimM ′) = 0 for all subrepresentationsM ′ ≤M .
It is now clear that if Si is a simple representation that occurs as a composition factor in
a Jordan-Ho¨lder filtration of M then θ(i) = θ(dimSi) = 0. Since A is finite-dimensional,
M admits a Jordan-Ho¨lder filtration by the simples Si. Thus, the restriction of θ to the
support of d is zero (contradiction).
The restriction homomorphism K[rep(A,d)] → K[C] remains surjective after taking
Gθ-invariants since Gθ is linearly reductive in characteristic zero. This surjective homo-
morphism K[rep(A,d)]Gθ → K[C]Gθ of graded algebras gives rise to a closed embedding
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M(C)ssθ →֒ M(A,d)
ss
θ . In fact, the image of this embedding is precisely π(C
ss
θ ), where
π : rep(A,d)ssθ →M(A,d)
ss
θ is the quotient morphism.
The points ofM(C)ssθ correspond bijectively to the (isomorphism classes of) θ-polystable
representations in C. Indeed, each fiber of π : Cssθ → M(C)
ss
θ contains a unique closed
GL(d)-orbit in Cssθ . On the other hand, as proved by King in [Kin94, Proposition 3.2(i)],
these orbits are precisely the isomorphism classes of θ-polystable representation in C.
In fact, for any M ∈ Cssθ , there exists a 1-parameter subgroup λ ∈ X⋆(Gθ) such that
M˜ := limt→0 λ(t)M exists and is the unique, up to isomorphism, polystable representa-
tion in GL(d)M ∩ Cssθ .
The goal now is to explain how to decompose a given irreducible component of a mod-
uli space of representations into smaller spaces which are easier to handle. The following
definition is from [CK17].
Definition 2. Let C be a GL(d)-invariant, irreducible, closed subvariety of rep(A,d), and
assume C is θ-semistable. Consider a collection (Ci ⊆ rep(A,di))i of θ-stable irreducible
components such that Ci 6= Cj for i 6= j, along with a collection of multiplicities (mi ∈
Z>0)i. We say that (Ci, mi)i is a θ-stable decomposition of C if, for a general representation
M ∈ Cssθ , its corresponding θ-polystable representation M˜ is in C
⊕m1
1 ⊕ · · · ⊕ C
⊕ml
l , and
write
(2) C = m1C1 ∔ . . .∔mlCl.
AnyGL(d)-invariant, irreducible, closed subvariety C of rep(A,d)with Cssθ 6= ∅ admits
a θ-stable decomposition [CK17, Proposition 3]. This decomposition controls the geome-
try of irreducible components of moduli spaces in the following sense. Below, recall that
the mth symmetric power Sm(X) of a variety X is the quotient of
∏m
i=1X by the action of
the symmetric group onm elements which permutes the coordinates.
Theorem 3. [CK17, Theorem 1] Let A be a finite-dimensional algebra and let C ⊆ rep(A,d)
be a GL(d)-invariant, irreducible, closed subvariety. Let C = m1C1 ∔ . . . ∔ mlCl be a θ-stable
decomposition of C where Ci ⊆ rep(A,di), 1 ≤ i ≤ l, are pairwise distinct θ-stable irreducible
components, and define C˜ = C⊕m11 ⊕ · · · ⊕ C
⊕ml
l .
(a) IfM(C)ssθ is an irreducible component ofM(A,d)
ss
θ , then
M(C˜)ssθ =M(C)
ss
θ .
(b) If C1 is an orbit closure, then
M(C⊕m11 ⊕ · · · ⊕ C
⊕ml
l )
ss
θ ≃M(C
⊕m2
2 ⊕ · · · ⊕ C
⊕ml
l )
ss
θ .
(c) Assume now that none of the Ci are orbit closures. Then there is a natural morphism
Ψ: Sm1(M(C1)
ss
θ )× . . .× S
ml(M(Cl)
ss
θ )→M(C˜)
ss
θ
which is finite and birational. In particular, ifM(C˜)ssθ is normal then Ψ is an isomorphism.
Note that given any (non-empty) moduli spaceM(A,d)ssθ , its irreducible components
are all of the form M(C)ssθ with C a θ-semistable irreducible component of rep(A,d).
Thus, the theorem covers all the irreducible components ofM(A,d)ssθ and not just those
of some special form.
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Recall that a Schur-tame algebra is an algebra such that, in each dimension vector,
all Schur representations (except possibly finitely many) come in a finite number of 1-
parameter families (see [CC15a, Definition 3] for more details). For a Schur-tame algebra,
eachM(Ci)
ss
θ appearing in the theorem has dimension 0 if Ci is an orbit closure, and di-
mension 1 otherwise (see [CC15a, Proposition 12]). Therefore, the dimension ofM(C)ssθ
is precisely the sum of the multiplicities of the components which are not orbit closures.
3. VARIETIES OF CIRCULAR COMPLEXES
3.1. Definition. Fix a positive integer l and an l-tuple of positive integers n = (ni)i∈Z/lZ
(for convenience in indices, we denote the residue class of an integer i modulo lZ by the
same letter i). We are interested in the variety
Comp(n) := {(Ai)i∈Z/lZ ∈
∏
i∈Z/lZ
Matni+1×ni(K) | Ai+1Ai = 0, ∀i ∈ Z/lZ},
called the variety of circular complexes associated to n. By convention, if l = 1, we get the
variety of matrices A of size n0 × n0 with A
2 = 0.
Our goal in this section is to describe certain subvarieties of Comp(n) given by rank
conditions. It is useful to view Comp(n) as a representation variety for the following
bound quiver. Consider the oriented cycle C with vertex set Z/lZ:
C :
0
1
l − 1
a0al−1
together with the admissible set of relations R := {ai+1ai | i ∈ Z/lZ}. Viewing n as a
dimension vector of C, Comp(n) is precisely the representation variety rep(KC/〈R〉,n).
Furthermore, KC/〈R〉 is a representation-finite algebra whose indecomposable represen-
tations are:
(1) the simples Si, i ∈ Z/lZ;
(2) for each i ∈ Z/lZ, the representation Ei,i+1 defined to be K at vertices i, i + 1, the
identity map along the arrow ai, and zero at all the other vertices and arrows.
By convention, in case l = 1, C is just the one-loop quiver with R = {a2} where a denotes
the loop of C. The indecomposable representations in this case are the simple S0 at vertex
0 of C and the 2-dimensional representation J2,0, given by the 2× 2 nilpotent Jordan block
along the arrow a.
Consequently, if l > 1, any n-dimensional representation of (C,R), M can be written
as:
M ≃
⊕
i∈Z/lZ
Etii,i+1 ⊕
⊕
i∈Z/lZ
Ssii ,
where the non-negative integers ti and si, i ∈ Z/lZ, satisfy the following conditions:
ti−1 + ti + si = ni and ti = rankM(ai), ∀i ∈ Z/lZ.
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If l = 1, these equations become 2t0 + s0 = n0 and t0 = rankM(a) where M ≃ J
t0
2,0 ⊕
Ss00 . In either case, we can see that M is uniquely determined, up to isomorphism, by its
dimension vector and the rank sequence (rankM(ai))i∈Z/lZ.
In what follows, by a rank sequence for n, we mean a sequence r = (ri)i∈Z/lZ such that
there exists an M ∈ rep(KC/〈R〉,n) with ri = rankM(ai), ∀i ∈ Z/lZ; in particular, such
an rmust satisfy ri−1 + ri ≤ ni for all i ∈ Z/lZ.
3.2. Subvarieties given by rank conditions. For a rank sequence r for n, consider the
closed subvariety
Comp(n, r) := {(Ai)i∈Z/lZ ∈ Comp(n) | rankAi ≤ ri, ∀i ∈ Z/lZ}.
From the discussion above, we get that
Comp0(n, r) := {(Ai)i∈Z/lZ ∈ Comp(n) | rankAi = ri, ∀i ∈ Z/lZ}
is the GL(n)-orbit in Comp(n) of
M0(n, r) :=
⊕
i∈Z/lZ
Erii,i+1 ⊕
⊕
i∈Z/lZ
S
ni−ri−ri−1
i .
Lemma 4. For any rank sequence r for n, the variety Comp(n, r) is normal.
Proof. We first show that
Comp(n, r) = Comp0(n, r).
In what follows, we give an elementary proof of this equality. We point out that a more
general approach can be found in Zwara’s paper [Zwa99].
The containment ⊇ is immediate from semi-continuity of rank; to show the opposite
containment, we take an arbitrary point of Comp(n, r) and produce an explicit degenera-
tion from Comp0(n, r) to that point. Indeed, letM ∈ Comp(n, r), and set r′i := rankM(ai)
and ǫi := ri − r
′
i for all i ∈ Z/lZ. ThenM belongs to the GL(n)-orbit of
M0(n, r′) :=
⊕
i∈Z/lZ
E
r′
i
i,i+1 ⊕
⊕
i∈Z/lZ
S
ni−r′i−r
′
i−1
i .
Next, for each λ ∈ K, consider the representation⊕
i∈Z/lZ
E
r′
i
i,i+1 ⊕
⊕
i∈Z/lZ
S
ni−ri−ri−1
i ⊕
⊕
i∈Z/lZ
Ei,i+1(λ)
ǫi,
where Ei,i+1(λ) isK at vertices i and i+ 1, λ along the arrow ai, and zero elsewhere. This
representation is isomorphic to M0(n, r) for λ 6= 0, and to M0(n, r′) when λ = 0. So, we
get that M ∈ GL(n)M0(n, r) = Comp0(n, r). This proves our claim that Comp(n, r) =
Comp0(n, r). In particular, Comp(n, r) is an irreducible closed subvariety of Comp(n) for
any rank sequence r for n.
To see normality, simply note that orbit closures in varieties of circular complexes are
examples of orbit closures of nilpotent representations of cyclicly-oriented type A˜ quivers,
so [Lus90, Theorem 11.3] gives that the Comp(n, r) are locally isomorphic to an affine
Schubert variety of typeA. These varieties are known to be normal, for example by [Fal03,
Theorem 8]. 
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Remark 5. It is clear that Comp(n) is covered by the Comp(n, r) with r rank sequences
for n. The lemma above tells us that this is a cover by irreducible closed subvarieties. So,
the irreducible components of Comp(n) are among the Comp(n, r)’s. It is now immediate
to see that the irreducible components of Comp(n) are precisely the Comp(n, r) with r
maximal (with respect to the coordinate wise order) rank sequences for n.
We need a dimension bound for irreducible components of varieties of circular com-
plexes. We give a geometric proof, but note that it can also be proven representation the-
oretically by giving a lower bound on the dimension of endomorphism rings of elements
of Comp(n, r), thought of as representations of the associated quiver with relations.
Lemma 6. The dimension of Comp(n, r) is less than or equal to 1
2
∑l−1
i=0 n
2
i .
Proof. Consider the product of flag varieties
F l :=
∏
i∈Z/lZ
F lag(ri−1, ni − ri, Vi)
where F lag(ri−1, ni − ri, Vi) denotes a two step flag variety (which becomes a Grassman-
nian if ri−1 + ri = ni) for each i ∈ Z/lZ. Now consider the incidence variety:
Z(n, r) := {(Ai, (R
1
i , R
2
i ))i∈Z/lZ ∈ Comp(n, r)×F l | Im(Ai−1) ⊆ R
1
i ⊆ R
2
i ⊆ Ker(Ai), ∀i ∈ Z/lZ}.
We have the two projections:
Z(n, r)
F l Comp(n, r)
p q
The projection pmakesZ(n, r) a vector bundle over
∏
i∈Z/lZ F lag(ri−1, ni−ri, Vi), soZ(n, r)
is nonsingular, and the map q is a birational isomorphism, since it is an isomorphism over
Comp0(n, r). In particular,
dimComp(n, r) = dimZ(n, r) = dimF l + dim p−1((R1i , R
2
i )i∈Z/lZ)
where (R1i , R
2
i )i∈Z/lZ is an arbitrary flag in F l. For such a fixed flag, p
−1((R1i , R
2
i )i∈Z/lZ
is isomorphic to
∏
i∈Z/lZ
HomK(Vi/R
2
i , R
1
i+1), which has dimension
∑
i∈Z/lZ
r2i . Meanwhile, the
formula for the dimension of a flag variety (see for example [Bri05, §1.2]) in this case gives
dimF l =
∑
i∈Z/lZ
(ri−1 + ri)(ni − ri−1 − ri) + ri−1ri.
Therefore,
dimComp(n, r) =
∑
i∈Z/lZ
(ri−1 + ri)(ni − ri−1 − ri) + ri−1ri + r
2
i
=
∑
i∈Z/lZ
(ri−1 + ri)(ni − ri−1).
Let ki = ni − ri − ri−1. Note that with this notation,
∑
n2i =
∑
(ri + ri−1)
2 + 2ki(ri +
ri−1) + k
2
i , while dimComp(n, r) =
∑
(ri−1 + ri)(ri + ki). Thus, we compute (suppressing
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the index of summation where convenient):∑
n2i − 2 dimComp(n, r) =
∑
(ri + ri−1)
2 + 2ki(ri + ri−1) + k
2
i − 2(ri−1 + ri)(ri + ki)
=
∑
(ri + ri−1)(ri + ri−1 + 2ki − 2ri − 2ki) + k
2
i
=
∑
(ri + ri−1)(ri−1 − ri) +
∑
k2i
=
∑
r2i−1 −
∑
r2i +
∑
k2i .
Note that the first two sums are equal, since indices are takenmodulo l, and the remaining
sum is patently positive. Hence, the result follows. 
4. REPRESENTATION VARIETIES OF SPECIAL BISERIAL ALGEBRAS AND PROOF OF THE
MAIN RESULT
Our main goal in this section is to check the normality condition in Theorem 3(c), when
the algebra in question is special biserial. We do this by reducing the considerations
to varieties of circular complexes, whose irreducible components we already know are
normal varieties (see Section 3).
4.1. Special biserial and complete gentle algebras. We begin by quickly recalling the
definition of a special biserial bound quiver algebra (see [SW83]). A bound quiver (Q,R)
is called a special biserial bound quiver if:
(SB1) for each vertex v ∈ Q0 there are at most two arrows with head v, and at most two
arrows with tail v;
(SB2) for every arrow a ∈ Q1, there exists at most one arrow b ∈ Q1 such that ab /∈ 〈R〉,
and there exists at most one arrow c ∈ Q1 such that ca /∈ 〈R〉.
In what follows, by a quiver with relations (Q,R), we simply mean a finite quiver
Q together with a finite set of (homogeneous) relations where each relation is a linear
combination of parallel paths of length at least 2. For a quiver with relations (Q,R), the
algebra A = KQ/〈R〉 can be infinite-dimensional; it is finite-dimensional precisely when
(Q,R) is a bound quiver.
A quiver with relations (Q,R) is called gentle if conditions (SB1) and (SB2) hold along
with the following additional conditions:
(G1) if a1 and a2 are two arrows with the same tail v then, for any arrow b with head v,
precisely one of the a1b and a2b belongs toR;
(G2) if b1 and b2 are two arrows with the same head v then, for any arrow a with tail v,
precisely one of the ab1 and ab2 belongs toR;
(G3) R consists of paths of length two.
A finite-dimensional algebra obtained from a gentle quiver with relations by adding
only monomial relations is known as a string algebra, and one obtained by adding arbi-
trary relations is a special biserial algebra. The finite-dimensional indecomposable repre-
sentations for these algebras are well-known. Specifically, an indecomposable represen-
tation is either a projective, or string, or band representation (see [BR87], [Rin75]).
As explained by Ringel in [Rin11], a special biserial algebra can be viewed as a quotient
of a rather special infinite-dimensional gentle algebra, called a complete gentle algebra.
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Definition 7. Let Q∗ be a quiver and R∗ a finite set of monomial relations of length two.
We say that (Q∗,R∗) is a complete gentle quiver with relations if for every vertex x ∈ Q∗0,
there are precisely two arrows ending at x and precisely two arrows starting at x, and for
every arrow a ∈ Q∗1, there is precisely one arrow a
′ ∈ Q∗1 and precisely one arrow a
′′ ∈ Q∗1
such that aa′ and a′′a belong toR∗.
A complete gentle algebra is an algebra isomorphic toKQ∗/〈R∗〉with (Q∗,R∗) a complete
gentle quiver with relations. Note that a complete gentle algebra is infinite-dimensional.
For the convenience of the reader we include the following lemma due to Ringel (see
[Rin11, Section 2]).
Lemma 8. Any special biserial algebra A = KQ/I is a quotient of a complete gentle algebra,
where the quiver has the same vertex set as Q.
Proof. It is enough to show that an algebra given by a gentle quiver with relations (Q,R)
is a quotient of a complete gentle algebra. Given a gentle quiver with relations (Q,R),
we iteratively add arrows and relations to yield a complete gentle algebra. By conditions
(SB1) and (SB2), it is clear that |Q1| ≤ 2|Q0| with equality precisely when (Q,R) is a
complete gentle quiver with relations.
If |Q1| < 2|Q0| then there exist a vertex x that is the starting point of at most one arrow,
a, and a vertex y that is the ending point of at most one arrow b. Define Q′ to be the
quiver obtained from Q by adding an arrow c from x to y, andR′ to be the set of relations
obtained by adding the following length-two paths to R: ca′ if a′ is an arrow ending at x
and aa′ is not inR, and b′c if b′ is an arrow starting at y and b′b is not inR. The pair (Q′,R′)
is gentle and |Q1|+ 1 = |Q
′
1| ≤ 2|Q
′
0|. The addition of 2|Q0| − |Q1| arrows in this way will
produce a complete gentle algebra. The lemma now follows. 
To describe the finite-dimensional indecomposable representations of complete gentle
algebras, one uses the recipe developed for dealing with finite-dimensional gentle/string
algebras. In particular, the finite-dimensional indecomposable representations are given
again by bands and strings. This is due to the work of Ringel in [Rin75], and of Crawley-
Boevey in [Cra13] where the more general case of finitely controlled or pointwise artinian
indecomposable representations over infinite-dimensional string algebras is discussed.
4.2. Representation varieties of complete gentle algebras. Let (Q∗,R∗) be a complete
gentle quiver with relations, Λ = KQ∗/〈R∗〉 its complete gentle algebra, and d ∈ Z
Q∗0
≥0 a
dimension vector. In what follows, by an effective oriented cycle of (Q∗,R∗), we mean an
oriented cycle C = a1 . . . an of Q
∗ such that ai 6= aj for i 6= j, and a1a2, . . . , an−1an, ana1 ∈
R∗. (If n = 1, we say that C = a1 is an effective oriented cycle if a
2
1 ∈ R
∗).
Since each arrow belongs to a unique effective oriented cycle, Q1 can be written as a
disjoint union of subsets of the form {ai}
n
i=1 (n varying with the subset) where C = a1 . . . an
is an effective oriented cycle. Therefore, the representation variety rep(Λ,d) is a product
of varieties of circular complexes. Hence, the irreducible components of rep(Λ,d) are
normal varieties by Lemma 4. We remark that the same argument holds in the case of
arbitrary gentle algebras, whose representation varieties have irreducible components
that are products of circular and ordinary complexes. However, we choose to work with
complete gentle algebras to avoid case-by-case analysis in the forthcoming proofs.
10
To describe the irreducible components in more concrete terms, let us recall that a se-
quence r = (ra)a∈Q∗
1
of non-negative integers is called a rank sequence for d if there exists
an M ∈ rep(Λ,d) with ra = rankM(a), ∀a ∈ Q
∗
1. Note that this condition implies that
ra + rb ≤ d(ta) for any two arrows a, b with ab ∈ R
∗. A rank sequence for d which is
maximal with respect to the coordinate-wise order is called a maximal rank sequence for d.
It follows from Lemma 4 that for any rank sequence r for d, the set
rep(Λ,d, r) := {M ∈ rep(Λ,d) | rankM(a) ≤ ra, ∀a ∈ Q
∗
1}
is a normal subvariety of rep(Λ,d). Moreover, by Remark 5, the irreducible components
of rep(Λ,d) are precisely those rep(Λ,d, r)with r a maximal rank sequence for d.
Lemma 9. Let Λ be a complete gentle algebra and r a rank sequence for a dimension vector d.
Then dim rep(Λ,d, r) ≤
∑
i∈Q∗
0
d(i)2 = dimGL(d).
Proof. We have noted above that rep(Λ,d, r) is isomorphic to a product of varieties of
complexes, say
∏
j Comp(n
j, rj). Then we have by Lemma 6 that
dim rep(Λ,d, r) =
∑
j
dimComp(nj , rj) ≤
∑
j
1
2
∑
i
(nji )
2.
Now for each vertex i ∈ Q∗0, the value d(i) appears exactly twice among the values (n
j
i ),
since each vertex of Q∗0 is a vertex for precisely two varieties of complexes (or the same
one twice). So the last double sum simplifies to
∑
i∈Q∗
0
d(i)2. 
4.3. Proof of the main result. For two given irreducible components C ⊆ rep(A, f) and
C ′ ⊆ rep(A, f ′), we set:
homA(C,C
′) = min{dimK HomA(X, Y ) | (X, Y ) ∈ C × C
′}.
We are now ready to prove:
Proposition 10. Let A = KQ/I be an arbitrary special biserial bound quiver algebra. Let Ci ⊆
rep(A,di), 1 ≤ i ≤ m, be irreducible components such that a general representation in each Ci is
Schur, and that homA(Ci, Cj) = 0 for all 1 ≤ i, j ≤ m. Then C := C1 ⊕ . . .⊕ Cm is a normal
variety.
Proof. Take a complete gentle quiver with relations (Q∗,R∗) such that Q∗0 = Q0 and A is
a quotient of Λ := KQ∗/〈R∗〉 by an ideal generated by arrows and admissible relations.
We will find a rank sequence r for d :=
∑
i di such that C = rep(Λ,d, r), with the latter
normal by Lemma 4.
Now, for each 1 ≤ i ≤ m, we have that dimCi = dimGL(di) by the same arguments in
[CC15b, Lemma 3], since Ci is not an orbit closure. But, we can also view Ci ⊆ rep(Λ,di),
where the maximal dimension of an irreducible component is dimGL(di) by Lemma 9.
Therefore, Ci has to be an irreducible component of rep(Λ,di) for each 1 ≤ i ≤ m; in
particular, each Ci is a normal variety.
Next, for each 1 ≤ i ≤ m, write Ci = rep(Λ,di, r
i) where ri = (ria)a∈Q∗1 is a (max-
imal) rank sequence for di. For the rank sequence r := r
1 + . . . + rm, we have that
C =
⊕m
i=1 rep(Λ,di, r
i) ⊆ rep(Λ,d, r), with the latter being normal of dimension at most
dimGL(d) by Lemma 9. So wewill show that dimC = dimGL(d) as well, forcing equality.
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Let M ∈ C be a general element, so that M is a direct sum of Schur representations
with no nonzero morphisms between these summands. Thus dimK EndA(M) = m =
dimStabGL(d)(M). We also know by the general relation between dimensions of orbits
and stabilizers that
(3) dimGL(d) = dimGL(d) ·M + dimStabGL(d)(M) = dimGL(d) ·M +m.
On the other hand, C has a dense m-parameter family of distinct orbits, so for a general
M ∈ C we have that
(4) dimC = dimGL(d) ·M +m.
Combining equations (3) and (4) then finishes the proof. 
Proof of Theorem 1. Let Y be an arbitrary irreducible component ofM(A,d)ssθ . Then there
exists an irreducible component C of rep(A,d) such that Y = M(C)ssθ . Consider the θ-
stable decomposition
C = m1 · C1 ∔ . . .∔ml · Cl
as in Definition 2.
By Theorem 3, we can assume that C = Cm11 ⊕ . . .⊕ C
ml
l and no Ci is an orbit closure,
so each Ci must contain a dense family of band representations. Furthermore, we have a
morphism
Ψ: Sm1(M(C1)
ss
θ )× . . .× S
ml(M(Cl)
ss
θ )→M(C)
ss
θ
which is surjective, finite, and birational.
Next, we claim that homA(Ci, Cj) = 0 for all 1 ≤ i, j ≤ l. Indeed, for any 1 ≤
i, j ≤ l, simply choose two non-isomorphic θ-stable representations Xi and Yj from Ci
and Cj , respectively; this is always possible since each Ci is not an orbit closure. Then
HomA(Xi, Yj) = 0 and so homA(Ci, Cj) = 0. A general representation in each Ci is Schur
since the Ci are θ-stable. It now follows from Proposition 10 that C (keeping in mind the
reductions above) is normal.
Since A is tame, we already know that eachM(Ci)
ss
θ is a rational projective curve (see,
for example, [CC15a, Proposition 12]). ButM(Ci)
ss
θ is also normal since Ci is normal by
the m = 1 case in Proposition 10; henceM(Ci)
ss
θ ≃ P
1 for all 1 ≤ i ≤ l. We conclude that
M(C)ssθ ≃
∏l
i=1 P
mi . 
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